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The effect of polydispersity on transient electric birefringence (EB) was examined for a dilute solution which
contains like macromolecules of varying lengths. The molecules were assumed to be rigid rods of cylindrical
symmetry, so that the molecular weight is linearly proportional to length. Polydispersity was expressed by the
ratio of the weight-average to the number-average lengths ly/l,. A logarithmic-normal type continuous length
distribution was generally used. Calculations were performed for the birefringence-average relaxation time
{r)gp and initial slope (S)gg as a function of the electric field strength E, which is applied prior to the start of
the decay process, with the electric parameter (By)2/2yw, which is related to the weight-average permanent dipole

moment (the By-term) and polarizability anisotropy (the yy-term).
A convenient method was devised for determining the polydispersity parameters (ly/l, and

ly/ln, and (Bw)?/27w-

Both {t)gp and {S)gp are very sensitive to E,

I,,) from the weight-averages of relaxation time and initial slope, which are free from the mechanism of field
orientation. Examples are given for a polydisperse, rigid rodlike sonicated DNA sample in aqueous solution.

In the preceding paper on the electric birefringence
(EB) and electric dichroism (ED) of sonicated DNA
in dilute solutions,) we have indicated that the mea-
surement of decay processes is promising for deter-
mining the overall molecular shape, even if the sample
DNA is polydisperse as regards the molecular length.
Although the theoretical basis of the transient EB
and ED methods is well advanced for monodisperse
systems,?) analyses of the experimental data of a poly-
disperse system have often been unsatisfactory because
of the lack of an appropriate procedure. For a poly-
disperse system consisting of particles with a continuous
length distribution, Yoshioka and Watanabe®4) first
introduced the area method, by which the electric
birefringence-average relaxation time, {t)gz can be
obtained. They have since developed an elegant meth-
od for determining the relaxation spectrum from a
single decay curve.>~11) According to our experience,
the application of this method to dilute polymer solu-
tions is often difficult due to low signal-to-noise ratio
of observed decay signals. Kobayasi has calculated
the variation of relaxation time z with the polydis-
persity ratio of a continuous weight distribution for
rodlike molecules.’? Schweitzer and Jennings have
shown that the initial slope, S, of a decay curve de-
pends not only on the particle-size distribution and
electric field strength, but also on the nature of the
electric properties of molecules.’®1) Coles and Weill
have discussed the relation between the initial slopes
and various averages of rotary diffusion coefficients.1%)

The objective of this paper is to clarify the effect
of the molecular length distribution on the electro-
optical and hydrodynamic properties of polydisperse
samples and to allow the evaluation of the degree of
polydispersity, which is defined as the weight-average
to the number-average lengths /[, //,, and of the weight-
average length [ from the observed decay data. For
this purpose, we first calculate the values of (t)gp
and <{S)gzp numerically for an assembly of nonionized
and rodlike dipolar macromolecules, showing the de-
pendence of these values on externally applied electric
field strength. We secondly discuss the use of a newly
devised “mesh method” for evaluating both /,/l, and
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Fig. 1. The logarithmic-normal function f,(/) for con-
tinuous length distribution with various ratios of Iy /l;.
The weight-average length [, is assumed to be 100 nm
in all cases, as indicated by a vertical line. The po-
sitions of the number-average length /, are indicat-
ed by arrows. Numerals denote the polydispersity
ratio ly/ly.

l, by applying it to the actually observed relaxation
data of a polydisperse, rigid rodlike sonicated DNA
sample.t)

Formalism and Calculations

Continuous Length Distribution. The following as-
sumptions are made. A macromolecular species in
a given polydisperse system is a thin, rigid rod of
cylindrical symmetry with the longitudinal length I,
having the apparent electric permanent dipole mo-
ment along the symmetry axis (the 3-axis), u, and
the electric polarizability anisotropy, Aa=(0z3—
071)-16-18)  The density and the optical properties of
molecules in the system are independent of molecular
lengths. Both # and A« are proportional to /, so
that u=u,! and Aa=Ae,l, where u#, and A«, are
the respective quantities per unit length.'® The prob-
ability density function of [ is f (/) on the basis of
the number of molecules in a solution. For f,(/),
we mostly use a logarithmic-normal distribution, i.e.,
the Wesslau function (Eq. 1),29 in order to emphasize
the contribution from fewer but longer components.
(We have also examined the Schulz-Zimm,V the
Poisson, and a rectangular distribution function.
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The results are qualitatively all the same.)

I, 1/, 1Y
il = o= )], M
— w w lL
Loy n exp(—)
4
where [, is the parameter which determines the ab-
solute position of the distribution and w is the param-
eter which determines its breadth. The ratio [ /l,=
exp(w?/2), l,=lexp(—w?/4), and [ =l exp(w?/4).
Figure 1 shows f,(/) with three different values of
L/l
Field-strength Dependence of EB Decay Processes.
For a polydisperse system, the birefringence-average
relaxation time {7)g; (the same type expressions are
also applicable to ED) can be expressed as fol-
lows :3:12:21)

© An(t) f T(NO(B'y ) fa(Ddl

An(0) , )

<T>EB = ”
ﬁ O )ifulD)dl

where An(0) is the steady-state birefringence at the
initial time (¢=0) when an electric pulse of arbitrary
field strength is removed, and 7(l) is the relaxation
time of a component with a length of /. The initial
slope is given as13-15)

in 0.
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where f'=uJEkT and y'=AxlE2?/2kT. Since the
orientation function @(8’,y’) approaches unity, as the
field strength increases infinitely, both {t)gzz and {S)gp
at infinitely high field give the weight-average relaxa-
tion time {r), and the weight-average initial slope
(8>, respectively:

[
I

(Ow = (4)

and

ﬁ ) )l

[Troa

It should be emphasized that neither {z), nor {(§),
depends on the electric properties (' and ') and
hence, not on the orientation mechanism. The relax-
ation time z(!) for a thin, rodlike molecule of length
[ may be calculated from several expressions.?) We
employ the Broersma equation®®) (¢f. Eq. 8 in Ref.
1).

In actual computations for @(f,y’), <{r)gg, and
{S)gs as a function of electric field strength, the fol-
lowing values were used, unless otherwise specified:

(8w = — ©)
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Fig. 2. Electric birefringence-average relaxation time
{(zDgp as a function of [(Bw)2+2yw] for the polydis-
perse system with the ly/l, ratios of (a) 1.10, (b)
1.29, and (c) 1.87. Numerals in each figure cor-
respond to the values of (By)%/2yw; polarizability
anisotropy only (0), mixed dipole (2 and 8), and
permanent dipole only (o0). Lateral arrows on the
ordinates indicate values of {(t)gp at limiting low
fields. In each figure, the weight-average relaxation
time {t)y is shown by (—-—), while the field-
independent relaxation time 7(ly) for a monodisperse
system, in which the length [Iy(={,) is 100 nm, is
shown by (----). Inserts are the plots of {t)gp vs.
[(Bw)2+2y+] in the low field region. Note the scale
on the ordinate of (a) differs from that of (b) and (c).

k,=3.0x10-2C (or 8993 D/A), A, =1x10-2
Fm (or 8.985x10712cm?) for the pure anisotropy
orientation (A« is variable for the mixed dipole ori-
entation1?18)) [ =100 nm, 25 (the diameter of a cyl-
inder)=1.5 nm, the viscosity of solvent 7,=8.45x 104
Pas, and 7=293 K. The upper and lower integral
limits are set as a=5nm and a'=405nm, rather
than as =0 and a’'=o00, because low molecular-
weight-oligomers are often removed from a polymer
sample (the upper limit was set for the convenience
of completing computations with a sufficient accu-
racy).
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Effect of Polydispersity on Relaxation Time. The \&
field-strength dependence of {(7)gg, calculated from Bl N R ———

Eq. 2, is plotted in Fig. 2 against [(8,)%2+2y,] at
several ratios of (8,)%/2y,, where B, and y, are the
weight-averages of B’ and y’. The weight-average
relaxation time {r), is drawn in each figure by a
dash-dotted line, together with the field-independent
single relaxation time 7(l,) for the corresponding mono-
disperse system with the length of [ (=/,) (dashed
line) for comparison. The results are summarized
below. (1) The relaxation time of a given polydis-
perse system strikingly depends on the electric pulse
field applied prior to the start of decay process. This
field dependence is quite sensitive to the polydispersity
of the sample; hence, it is the best test for a length
distribution. (2) The magnitude of {(t)gz; is exceed-
ingly large at extremely low electric field, as the ratio
l,]l, increases. For example, the value of (t)g; is
as high as 123 us for the most polydisperse sample
(l,/1,=1.87), while it is only 9.62 us for the corre-
sponding monodisperse system (Fig. 2(c)). This is
because 7(I) is proportional to the cube of / and be-
cause the polydisperse sample contains the compo-
nents whose lengths are much longer than [, (cf
Fig. 1). (3) In each polydisperse system, values of
{tdgp rapidly decrease with increasing field strengths
and gradually become level. They should all ap-
proach the limiting value, i.e., {z),, which depends
only on polydispersity and length.12:1?) (4) The field-
strength dependence of {t)p; is characteristic of the
orientation mechanism. The pure permanent dipole
moment orientation clearly shows a large but monot-
onous dependence. For pure polarizability orienta-
tion, however, the field dependence is not monot-
onous. In the low field range, there appears a maxi-
mum whose magnitude and position depend on poly-
dispersity (see inserts in Figs. 2(a)—(c)). (5) For
any polydisperse system, {z), does not coincide with
7(l,), unless the length distribution is extremely nar-
row. This is an important consequence of polydis-
persity. If an average length of solutes in a poly-
disperse sample is calculated directly from the Broersma
equation by using the experimentally obtained relax-
ation time (), or () the length would be un-
reasonably large. (It is 7(l,) that is related to the
weight-average length /,.) Hence, an erroneous con-
clusion may be drawn on the overall solution con-
formation of the polymer system in which molecular
lengths are heterogeneous.

Effect of Polydispersity on Initial Slope. The initial
slope {§>gp of a decay signal is a measure of polydis-
persity.8:913,14)  The results of the present calculation
are illustrated in Fig. 3. Values of {(S)p; clearly
depend on polydispersity ratio and field-orientation
mechanism, slowly approaching the weight-average
{SD, at limiting high fields, which is, however, inde-
pendent of the orientation mechanism in a manner
similar to the case of relaxation time. It is interesting
to note that values of {S);; in the low field range
are close to the value of S(I,) for the monodisperse
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Fig. 3. Electric birefringence-average initial slope {($>gg
as a function of [(B«)2+2ys] for a polydisperse sys-
tem with three ly/l, ratios of (a) 1.10, (b) 1.29, and
(c) 1.87. In each figure, the weight-average initial
slope (8> is given by (—-—) and the field-inde-
pendent initial slope S(/y) for a monodisperse system
by (----), in which the length (l,=/,) is 100 nm.

200 240

system (dashed line), if solutes are oriented predom-
inantly by the permanent dipole moment [(8,,)%/2y, =
o0—8]. For pure polarizability orientation, an ex-
tremum appears in the low field range, similarly to
the case of the corresponding relaxation time.
Estimation of Weight-average Relaxation Time and Initial
Slope. Values of {z), and {S), can be estimated
by extrapolation of those of {(z)g; and {(S)pz to in-
finitely high field strength (E—o0). Figure 4 illus-
trates this extrapolation procedure with a polydisperse
system (/,/l,=1.29 and [,=100 nm). A problem is
associated with the unknown curvature of the plot
of {t)yg or {8y against the reciprocal of field strength.
When <{t)y; is plotted against [(8,)2+2y,]7, which is
proportional to E~2 (Fig. 4(a)), the curvature is convex
and quite large for the permanent dipole moment
orientation (o0), but it becomes concave with de-
creasing (8,)%/2y, (2 and 0). When {t)y; is plotted
against [(8,)2+2y,]~V%, which is proportional to E-1
(Fig. 4(b)), the curvature is only slightly concave
for all (B8,)%2y, (90—0). The similar results with
reversed curvatures are found for (§);; (dashed curves
in Figs. 4(a)—(b)). These plots are suggestive of
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Fig. 4. Extrapolations of the birefringence-average re-
laxation time {z)gp and initial slope {(S)gp to infinitely
high electric fields. The birefringence-averages were
calculated for a logarithmic-normal distribution with
le/lh=1.29 and [,=100 nm. Values of (t)gp ( )
and (S)gp (----) are plotted against [(fy)2+2py]!
in (a) and against [(fy)%+2p+]~%2% in (b). A nu-
meral in each curve is the value of (84)%/2y. Note
that all curves intercept the ordinates ({7)y=17.36 ps
and {$),=—0.37 ps71).

the proper extrapolation procedure for evaluating {z),,
and <S),. For example, extrapolation of observed
values of {7)gy to the intercept of the ordinate appears
to be easier if they are plotted simultaneously against
E-1 and against E-2,

Application to Measured Decay Signals of sDNA.
Figure 5 shows a typical extrapolation to infinitely
high field of values of {(z)y; and <{§); which are
observed for a sonicated DNA (sDNA) preparation
in 0.2 mM NaCl** (the experimental details are found
in Ref. 1). In the case of rodlike sSDNA in aqueous
solutions, the dependence of {(t)zp and {S)y; on field
strengths has not been fully resolved, since no appro-
priate counterion-induced orientation function is avail-
able as yet. Nevertheless, it has been shown that
the “‘classical” function @(f',y') can represent the
birefringence and dichroism behavior of sDNA ade-
quately over a wide range of field strength.l:23:24)
The plots in Fig. 4 are based on @(f',y’); thus, they
are instructive as an empirical guide. Observed val-
ues of () and (S)y; for sDNA are plotted both

¥k 1 M=1 mol dm-3.
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Fig. 5. Extrapolation of values of {(z)pg and {(S)gs
experimentally obtained for a sonicated DNA sample
in the 0.2 mM NaCl-containing aqueous solution.

against £-2 and against E-1 in Fig. 5. Extrapolated
values are: {7),=12.5ps and {(S),=-—0.22 ps~.
Evaluation of the Degree of Polydispersity and Weight-
average Length. With a set of experimental values
of (=), and {S),, as obtained in the above section,
both the weight-average length [, and the polydis-
persity ratio [, /[, may be estimated, if the length
distribution f,(/) is known or can be assumed for a
given polydisperse system. For this purpose, we de-
vised a new, convenient method, which may be termed
the “mesh method,” by constructing a theoretical
graph of meshes. Examples are shown in Fig. 6,
in which theoretical values of {z), (Eq. 4) are plotted
against theoretical values of (S}, (Eq. 5) with [,
and [/l as parameters. The Wesslau function (Fig.
6(a)) and the Schulz-Zimm function (Fig. 6(b))V are
chosen for the distribution function f,(/), in order to
compare the effect of the distribution curves on the
final result. (The latter is said to be an appropriate
function for the degradation process of chain length
by sonication.?®)) Two values are assigned to 2b to
see the effect of the diameter of rodlike molecules on
the estimated values of [, and [,/l,. A pair of ex-
perimental values ({z), and {S),) defines a point
in the <{t),—<S>, coordinates; hence, the most likely
set of [, and [,/l, can be readily evaluated from the
network. This mesh method is advantageous in that
it can be used for rodlike polymers, whatever the field-
orientation mechanism may be, because both {7},
and {S), are independent of the electric parameters
f’ and 9’ or the orientation function @(8',y’). The
optical and electric parameters may be determined
separately by the matching method previously men-
tioned for the steady-state birefringence??) and dichro-
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Fig. 6. The relationship between the weight-average re-
laxation time (), and initial slope {§)y with the
polydispersity ratio //l, and the weight-average length
ly as the parameters. The distribution functions are
the Wesslau type (a) and the Schulz-Zimm type (b).
T is the absolute temperature and 7, is the viscosity
of solvent. Two different networks are plotted; one,
for which the diameter of cylindrical like molecules,
2b, is 2nm ( ), and the other with the diameter
of 26 nm (----). For each set of meshes, values of
Iyl are varied between 1.08 and 1.28, while those
of [, between 50 and 80 nm. Experimental values
of () and {(§)y for sDNA are also plotted: (O) in
0.2 mM NaCl and (®) in 0.33 mM MgCl,.

ism,2") once both [, and [, /I, are available.

Paired-values of <z, and <{S),, experimentally ob-
tained for the sSDNA sample at different ionic strengths,
are also plotted inside the meshes. The most probable
values of [, and [/l are summarized in Table 1.
The effect of the “thickness” of a cylinder on [ is
such that the value of [, with a diameter of 2.6 nm
is smaller than that with 2.0 nm by about 5%,. The
choice of the distribution function is not too critical,
when the range of [/l is limited to ca. 1.2 or less.
When values of [, are divided by the weight-average
degree of polymerization or the number of base pairs
(=188), the axial translation per base pair can be
calculated (¢f. Table 1 of Ref. 1). The value of [/,
is close to the reported literature values (1.02—
1.11),28-28) which were determined by the sedimenta-
tion equilibrium and electron microscopic methods
for fractionated sDNA samples. This good agree-
ment, achieved by the utilization of different physical
techniques and diverse sonication methods, appears
to be a strong support for the present procedure for
polydispersity determination.
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TABLE 1. POLYDISPERSITY RATIO, [y/l,, AND WEIGHT-
AVERAGE LENGTH, ly, OF SONICATED DNA
IN AQUEOUS SOLUTIONS EVALUATED BY USE
OF TWO DISTRIBUTION FUNCTIONS®)

Wesslau function  Schulz-Zimm function?

———— —_——
2b/nm® 2.0 2.6 2.0 2.6
AD lalln 1.16 1.17 1.16 1.17
ly/nm 73 70 74 71
BD lo/ly 1.16 1.17 1.16 1.17
ly/nm 59 56 60 57

a) The number of base pairs of this sDNA is 188.1
b) The data are cited in Ref. 1. ¢) The assumed
diameter of sDNA. d) sDNA in the 0.2mM NaCl
solution (A) and in the 0.33 mM MgCl, solution (B).D

Conclusion

With numerical calculations we could show how
the decay processes of transient EB (and also ED)
of a system composed of long, rigid rodlike macro-
molecules are affected by the polydispersity of contin-
uous length distribution. The dependence of the re-
laxation time and the initial slope of an EB signal
on the electric field strength applied to the system
prior to the commencement of the decay is a very
sensitive measure of polydispersity and field-orienta-
tion mechanism. We could show how incorrect in-
terpretations of experimental data may be avoided.
We have also described a new mesh method for deter-
mining the degree of polydispersity and the weight-
average molecular length. Use of this method in
conjunction with well-pursued experimental results will
facilitate the EB and ED study of polydisperse, rodlike
polymer systems.
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